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GH fH3§ EP^SCS OF TRUHGATIOR ill SOME OR ALL CGORD1HAXSS 

OF A ummMomtoL fomteflnm & 

by 

2. V* Sirnbaua and Paul L« Meyer » 

University of Washington sad Stanford University 

guwaary. 

fhis p&pes? is oonoemgd with the following pr-oblami 

given & p -dissasioaal stxewl  rassdos variable with means 

smrog  varianees one, and correlation Matrix R j truncate 

this random variable in ell coordinates* ssy at k+9 %p$»*»$ t 

respectively» sad fled expressions for &(%**&J*)    after 

tnsasatlon. Ac explicit solution of this problem is obtained 

for a « X9Z § n « 0 and s=l,n»l» that is for the 

expectations, variances and govarisnoes of the distribution 

after truncation* and an extension of tfea method for greater 

values of m,n is indicated* 

!• introduction* 

In  various fields of applied statistics- such H»  psycho- 

logical measurements and personnel selection,, one frequently 

deals with populations which say fe© considered -z  originally 

1/ „   • 
•arys^sssnted w the Institute of w»i;heiaatie&i Statxitxe«» 

OhieagOtf Deoesber 29. 19^0» 

^Research done under ie* apaasOreaip ** w.« Off lee of 
HMYSUL K®ee&roh» . 



•p.*. 

sult&vwriats ssssmlf  but sas&ified by truneatlen in each soordi* • 

aate separately* P«*» •SKaiqple, * j> "dianiiisisaal noira&l ^IMOB 

variable X^ $  Xg »»•«* X^   imy represent p quantitative 

traits of an individualf very often an admission t®st rsqui*9®® 

that eaoh of these trad.ts fee above a certain p?9*aasi|^iao 

value, so that only those individuals pas* the test fop whom 

X, > t- »«•*, 3E« * tn • St has been shorn U1, that this 

aethod. of selection bai ease undesirable properties; it is 

however frequently toe snly practical nethed* and hence it 

saajr be of eosne interest to study tfes properties of distributions 

obtained by such tFJoaatien. 

In the pvmut paper explicit expressions are obtained 

fe? the aaaonts K^) , S(X«2) f SCX^) , and it is isdieejted ] 

hew ths method ©as be extended to the general eaee of 

Bis*31 Z*~) s 'Jsse possibility of truncation is »o•= bat -not 

*vs, MAMndinatss is JBgig&ad ainaa a.s.. the oasa of X^ not \ 

truncated,_x& tru^eatodat t eerresponds to % • -co , J 

tu *. % • s&pli»It esp?s*sies£c§ *PS also obtained rer'tas 

sarglnfti probability density £ussetion of 5C, and for toe | 
i 

Joint sarglaal p.d«f. «f   (% # Xg) » after truncation in 

*_   . is... »_*.i x    .    fivaauklca are olvan for tfe© use of Fcaas of 1 

th$ results for detsssgniss   \ •%••»•»•   *d that oertain 

pre""CS signed simsg»» lit iW #v4H*l»tf***» w» ifiu*^f»i« 

2*   A ,feo?m lenaa en Aeteralnents* 

Let   R   be «   p xp   isatr&z with .the elssssBst©   &4* i 1m 
.... *** 

l^j be tbs sdfaetor of *v. » B* the -matrix sf til* 8^, , 

itftaflaHMMMMMwai 



*L«   im oofftotop .of   l|j   la   R   * ai^   Kg, j .. ¥   tans 

(p*S#    diaone£^n&l nisar in   R*   ofctalnod %y dolot&ag tho 

i «®w w   j -tfe TO&B and   a -fch and   • «-fch. OOXUHM*   Thou 

2 1) |»#l - |lpel 

**     <.w - ****** '^iu *j* - *** V N 
proof of this l«sss& ssay bo f ousd In standard troatiaoa 

e& dotatnisa&ts, o»g9 £53 p«3l» 

3*   lqp£tlans- fo? $te aoBS&ts   SCxJ6 Xg
a) • 

W© eonaldr ft a«&£i-n©r=£i   y ^SsssgssSaml vendos varlsfel* 

and vavianess   1 •    It.« p»d,f • is _ 
a**!* R*« 

C3 A)   ^%**«%) - lijifoSLflfr* 

distribution is assim^d to bo non«sii&gttle? saA lasnoa tbs 

qttfedmtio f«?sa   ^T^Tar^A     ** psvlt&m definite* 

xfewao&ttJig   X* | X» #»»«» 3L,   at    %<%  g feg ,..•»«» tM 

*a«pe*tiv«igr.ws S*f* -££$ ts# aMrp«d»f« *£- < X^ * 3^ ?»•«* 3^ 

a^ r^m&»%ion 



iwi» iSlIewiiig 3ra©t*tS,sss wilXib- used la tfes *«*t «£ *&# 

yjw^ii 

e 

With \Z&B» mv*tlts& (5*2) tocoae* 



s- 

(W ««iV • ^liJr. j£ - 

3»*» —       * 

• 

R* % 

£09 3U*' 
»A     I 

I 

v*2 

#1-1 #* * £Et   r°° 

p p 

Integrating th» right site top psrts, wo obtain froa C~.4) 

aft^n* aonia  elaoiifieftticn 

»"**"      "Al~"""A     2   * £ AA    '   A   A        «£ * «*i *• fc 

i-2 * 

***** at Sjj>       f» 

fijp Mil   li «••«•   OMHW 

« I a*    \      »    r    A ^T \    »    T T  V 
- 

I •   «•.  • . fc 1* 

p 
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« 6 - 

Te erolusate the integral on the ri#*t eide we apply the 

transformation 

and obtain, using tha isnraua of seeticm Et 

(5.7)   ^six^x^) *.\ •^•tVi*1*** = ^s ffr c^1^/] 

y V • • • *V?5 C2 P*      —"*"* ** 
w» 

— p 

V^ih 

»3*Sj       -^   - -*A IfTuW^ U1.«^ V       i «SB2 **      T3 

./<H»Vi •_••>'•• 

Tbs aatrlx (^j) £« positive definite since c5^-" 

*** assuK^ positive ser£a&tc. 

TS^r-*"*• 



SS*Kl**jgggf???!SS3^^ 

m  **  m 

Replaoiag the aubseripts 1,2 by wfa respaetltrsxj *• 

obtain 

A ssa 

R    *       .      r "pySai ' 

«.# 

- I 21 fflPvi 
• •• 

P     WTW 

*%HP     S$3al,2f •». «.p • " 

R*    M i 

CMS)      ^ -T#^I^IHWE) ,   i*j«M»*..#p a 
• ""« 

la 

It ban b« verified that it» is?«?ae of tha sats?i£    i ^ **)')    i« 

(3.92)    (pffr1 ^^iaLT**'1* ~rV «L ,   te?   l,ttL»2.....p • 



MM 
BUM»NI 

•B5S 

that is ths isntrix of partial oonmlatlon gooffioienta 

4*    Special cases*    a * 1 . n » 0 IBI2 • a » 0 % K » n * 1 • 

I* 00 
5 a 

• •• 

Xttl a^<t1,..«9t^iH)<air)~   ^i 

V1" •lw 

• •• 
I J 

*   Ml    !•• 

i 

*w 

.»«t • • • »¥  • 

siiis tbs a&oravittlon 

t 
w 

«^wy* IIP ••••• 

E 
wo oaa *•«?!*• the 03»«&feio£« (4*1) ass* ooeoissl?* as 

1***1     ^T"  ». BIZ.) « fe(v)*l&J    i   ***i*a...a*» 
SSL i 



• .- 

,9      . 

fo solve this agrstes: sT ssjuatlons *e ms« (2,1) *?ui (2*2) aa& 

Ofcfeft&B 
P 

(44>        8(3^)  a   5""*1W h^)   *     »»If2,..,,p     . 

B»xfesvo obtain oqua«£ons for the soeond wm&nta9 ws sot 

8 « 2 s a » 0 „ wd   s - 1 v is » 1   la (3.9)»    usiss ths notation 

11 

^ 

.ivVp(») 

at •_ ii 

cZl/^! ±3 1T.V 

5;        ...  ~   pp   s • ••  . sw W 

r*         i. *f.i 

if .Hfft 

«• obtain. ?ospaetlT8l7. 

C4*£>   /    s«^*iV -  W •   PlWwi) »   «*1*2,..«*P •    as* 

s fl w 

i 
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Coisfei-wiag (4*6) l"d C4*?)» we b*^® 

2 $hX& i.e a ayatfis of   |T   a^atione in the ttBJBMWWi:; 

•»—aj» * 

a subsystem Of   *&ps*   iadttpegidemt «^tdti9sat    SSsa 

»qu&tioss for **»i«r«    U s ^ f « p   l.'ora suob & sfetaa/; t#© 

shew fchla, w* a?f«2iaa tfcsse eqoatiana a»a th®Xs» unimoviis i« ' 

imrma* Uidicit-Su toy fehf   £*H<Wi«g tnb|.6# 

«(£> «  \    «f»*> 

*S1        % 0 

ft4 

fi — ft ** Bftr   *" ^3s*r-11 ' 

li •-.-.- 

• «4»«t!it = «i«i«::;:itiii»«»«»(«9ii««#ta4«it««9i»«»t8ii«t«l«»ll4»«i«t 

•••••••••«••••««*»••»*•**•#«*»-•*•««••••• <,>•*•«•••»••• •• a •«••••#»••«* 

«fc*»»«••»• £Ei   HbiNl-t% 

ett»»j;s5S!Jssi:s:sss;s«sss»«ts*ss»«»t**it 0 *•»• •«•»»«* PI jw(i 
• 

93 
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In C4»9) six "the columns «jt3«»t the Last sontain the 

o&effleiants of the unknown indicated In the oolumn heading, 

while the last column (headed X) contains the ^ight side terms 

of those equations of system C4*® j -°- *hi©h I « s < v < p . 

The determinant of the coefficient matrix in (i*«9) is 

(4«10) A « &., 

R-. 

^22 

•u 

"Pi 
9 a * 

and U /0 since eaeh faoter is a principal miner of a 

positive definite matrix, flats these s^uatlozui yield a so] 

tion for (4-6)« Using (2.1) and {2.2) it is easily verified that 

4***J  »t*^p# • / ^9£i»i*j) * J%,\*  » «M'**f^*#'*eii • 

AM evaluating h(«s) ve can use the previous results * 
4«k TawKr *?««. #-S «%.a 

#T 

f(VV WT1 
Sit.  i 

<*_ft, a*a9-t_lRM2T?l p- *- •  - p-    .- 
Iw"* V»i 

L*iI.) 



rrn   I—   IIIIMI    IIIIMWM — WIIM  i—MW   i   II ||||M-Igf 
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--• - -tut **rvj 

.for it represents^ ese-*pt for appropriate constants* the 

margluai wspectation of the coordinate Vfi of a Cp-l) 

dimensional random variable ?^# V-.«».9 
Vw.l» v«*l,,*,» Vp * 

truncated at     __L,a » |M ' •' * »*••» "gs  '•" " * 

M*  J6v. 

,Z»£i—LXtilSJE ,._, -&-J2..E  respectively; the second te: 
.ir—s  J. _s 

:ran 

(Ut^...^|R)(2T) ~ 

cc 

1/1.1.? 

^ *$ZE ^)vivj • 
fco 1,53.        P 

'" J * r*"lB" 4 * 
jr*r 
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is —xJiftn jo.,,,, s ,/ SC to ...., -JLLSLS • » \ 
•-L      / 

S*gr*Siiio2iS (v4) and (4*11) appeal* to be useful for • 

setting up and solving various practical problems of the kind 

illustrated in Section 6. the numerical evaluation of these 

£8ygSR£3&SSM  srcquirss u'ns »osp jsailoa ox xate«p*ais of the type 

(3*£&}« nii vilu®* of suoh integrals for p»2 nay be fcwed 

to rsarao*>s Table V11I. • IX la C6]» Fas* p»3 and p»4 a large 

nuabea' of the squired integrals nay tittll bs fcusd in these 

esbleso POP p>4 all sueh integrals involved have to be 

ecier.Isred, a task which way squire the use of hi$h-apeed 

aeinpnting equipment. 

To obtain value* of higher aos-nts, oss snot go back to 

13«$}» and by similar manipulations as above* obtain the required 

iuusber of independent aquations to solva fop the unknowns» 

5* Eaqprassions fop the marginal distributions of X. and 

(XisXg) af**r truncation in Xj* Xg,..., Xp * 

If U/^CX,) Is the p.d.f. of X1    after truncation in 

• %••••* Xp * then by (3.1) 

i w i €0 

Using *&• fc*'«nsfonsation 

•wwwpwr »J«WP'^" ••»•*•»• •      •   n+—*•,...•• ^   -V"'^;^ 
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. 
% " yi 

(8.8) 

i1  5— 

on* obtains 

BCVj) « o » 

- 
B(Vj2) « • i • 

(5.3) 

gjY^ji m -~UJ ******     .       i>l^.3,«..,p 
^l^rfi)(l-«fj) 

•'•=,-,1   •  O 1=2.^ ..a   . 

Sr [2j, p.313, %« ?2»....Vp   Is again distribute 

. 

• 

P 
aeeovding to the naltleaossml lav* sad hanos *coordlr^ to 

(5.2) sad (5>«3), expression {$•!)  bsessoas 

aaere %  is defined in (3.92). 

If li/^X^X.,} denotes the p.d»f• of X^X^ after 

t*ufieatimi in x^p Xg?«»«* * »  then hj  (3.3) 

ceo   foo 

*«       t« 

l3jflP0jijgppiljgjftiw^^  I a         r-.r ."^-yi'iiiMpiimii »'s.im, •»• »i •Mjs^asgBEags^g??!?'' "•"?'.'iftJBI 
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ETalug th» tpansftomatioti 

Ti- 
ii"i 

^lA *^Xi*l * ^21*H* » i*B3*4»»»»#P 

«h«r* 

£^ » 

1    *ia %i 
*„  *    » 21 
*tt *i2 X 

«  ^•3»if»***?F 

and  Ast Is the oofaster of r-t in A ^ , one easily verifies 

E(V.) - 0 

i 
i • 

(5*7) SCYJL) » 0 
* i 

i«3j»if*«*»rP 

•Wjfl?   * .° 
SfV.V.4 

"1'J' ^ 
£L 

f Aii Ai 4j4 Aj 
• A j^j • «- ir~u *~£^j? , 

Ban©*, sis99 {^^^^^v ) again has a multivariste 

nonaeX distribution, KS obtain front (£.6) and (5.?) 



» 2.6 

.*.SM; 

(5*8) ^(Xj Xg 

6, Sone Applications• 

The following problem is of practical interests £&r s 

civariete nemaal random variable (X-^Xg) with expectations 0 » 

variances 1 and known correlation ooeffioient r 9 it Is 

required to find t- end t9 so that* after truncation at 

t. and t2 , the expectations of X^ sad £g assume the 

cro-assigned values au and nu V 

To find such t^ ,  tg ,  we have according to (4*45 

»**»*/        —m    — «*%^|  •»• «r iA%m,f 

iL    1\       —• . _ «.#«»%  . — «.#«% 

Using expression (4«&' *esp Mi) and sis&lifying, one obtainss 
<   t« •SFtfo     

C6»3i Ls(fci*t*.3   »   1 iiwuyii»wiiijjiiiii-iiiii.r,:j|?iC . m    niff     ,M iwS 

*»r 

iij&w!iMijgjLi.^ii.ii.>i,.Mu, iiij i-n J.-=»—'•^'••'•''i "'«.•',TTT'^^r'*'TS£Es^!!ji!l^^  '•^f,.*^W5ii 
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as!*l»*2J *'      1 " ' 

f 
These equations show that the inequalities t-a^ < fflg < » a, 

are neoessary for the existence of a solution* 

2?@ obtain numerical values for t, , t0 9 one may consider 

(6.3)/as equations of two curves in the t1 s t9   plane* and 

determine thai? Intake action* She following auaei-ioal example 

*?ill serve to illustrate the procedures 

Given r » »6o and the required expectations after 

truncation a^ • 1*5 # a* » 2*0 • The right*hand sides in 

(6*5) and (6*4) become* respectively* 3*67 and 0*469 . By 

trial„  using tables$  one finds the following three points on 

each of the curves: 

• 

, 

E 

*1 VhV Vl'21 

1 •» 1.532 3.67 .50 1.430 469 

,60 1.594 3.67 .55 1.530 469 

.65 1.655 3.67 •60 1,626 •469 

Plotting these values one finds for the point of intereeotion 

t* • -554 * «*«2 * 1*537 # and substituting these values into (6*1) 

and (6*2) one obtains a- « 1-501 § % * 2.001 which is a 

good approximation to the required values* 

West we consider the following problems We wish to truncate 

X*    and 3U at t. and tg respectively so that the expectation 

of X» after truncation has a prs-assigaed value a. and the 

retained part of the population 

•:*3^SSSr>-^^ 

«y•- "BtgraBt i- ~Tii^^ai»^iriwwniiigiHiw'iitii.ifiiii 
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tit ^ % .    ? 9. 
Too       | o»   - •     • m " {x~- 2r xr+ y*") 

is AS i«:?g» as possible.    Ehis Is equivalent to aajcimislsg 

ffCtjytgfr)    under the eondltion (6.1) •   Using Lagrang© waltipliers, 

we eoEoic^sr 

H(t,,t2) • ftCt^tgfv) •  /Ua^Ct^tgir) -   yC^) ^<J£«i) - 

^r2 

we wish to solve the equations 

'f* Sfcj      *t2 

It is easily verified that these equations become, respectively, 

(6,£) 
t, • imfh 

t* «»F»9 

—m 

(6.6)   _JSL. iiafcjgs 
#(^,    atf^2" 

« ^ . 

i t9-»rt«, i  t«HPt9 

(6,7)   »a att^tgir) - f(t2)   ^(-1^) - P f t2) yJLf) • o • 

•PGrWR^HB" 
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From (6.5i and C&«6) we obtain: 

tl'^t2) 

2» •l^la.   VT-^ t .TITO'S. 

It Is well known £33* £U» that for finite TJ > o • 

gfag" > v  • ??©B (6.8) we see, therefore, that our problem 

has as solution with t^ and t~ both finite. The following 

four possibilities remains 

a.)  r- > 0 , tj « »eo « t2 < so 

r > 0 f t^ < oo , t? » -oo 

•>)  r < 0 , t^ « -o© , t #2 <  00 

u.)   %• <   Q   9   %-t   <      00, to •! "00 

i& the eases a) and © ) (6*7) yields*  ;"f »«# , 
4>(t2)  * 

whUe In eases b) and d) (6.7) becomes T T # • a. » Since 

oo 9 we reach the following conclusionss 

For ?*0, (oases a) and b) } ,  max Oft^tgir) under 

condition 2{3U) » m. Is obtained by truncating In X» alone 

*»  Is a monotonio function of TJ 9 Increasing from 0 to 

swggs M^weBwewi jmww wwjgwwai •- w w i •ewewwan . —s MWWSHW* tsweeaasw/wsMWsi a sssswasw wsnaapwn*"r- Nswwwai ISISJWWItassswiwmII • esws—a—i •«———>* s i.>_,... sfiBBS 
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at t- s    where t, is obtained from •••*• *» nu • Only 

positive values of nu can be achieved. 

For r < 0 »  (oases o) and d) 1, we must truncate in 

£S(t.P)   at 
3U alone and use the solution obtained from X *• « «-~s. , 

for nij < 0 ; and truncate in X^ alone, at t7 obtained 

from  .•   * a. « for m, > 0 • Tables of Jfc > < may be 
• <V  ^      ^ +(V) 

found e.g. in {63. 
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